Abstract. In this paper, the kinematic model of an autonomous mobile robot system consisting of a chain of steerable cars and passive trailers with axle-to-axle hitching is examined and converted into a multi-input chained form using dynamic state feedback. Some of the methods which have been proposed for steering two-input chained form systems are generalized to multi-chained systems, and then applied to two example multi-steering trailer systems.
INTRODUCTION
In this paper the motion planning problem is solved for a multi-steering trailer system; that is, a car-like mobile robot pulling a combination of n passive trailers and m?1 steerable car-like robots. The controls available to the system are the velocity of the lead car and the steering velocities of all m car-like robots. This system can be thought of as a generalization of a standard n-trailer system, the motion planning problem for which was considered and solved in (S rdalen, 1993; Tilbury et al., 1993b) . Mobile robot systems of this kind are of interest in practical applications; part of the motivation for this work came from work on the re truck Tilbury and Chelouah, 1993) . Also, the authors have been told anecdotally about the construction of such n-trailer systems with multisteering for use in nuclear environments (Canudas de Wit, 1993) and also for baggage and cargo handling (Giralt, 1993) . These mobile robot systems can be modeled as having one constraint on each axle; namely, that the wheels are allowed to roll but not to slip. These constraints are nonholonomic or nonintegrable and do not reduce the reachable con guration space of the mobile robot. Although the present system appears at rst glance to be a straightforward extension of the systems considered earlier, the main motivation in writing this paper is to exhibit its added richness and complexity. As before, the motion planning planning problem is solved by rst converting the system into chained form. Unlike the previous examples, this system will require states to be added to the system before the transformation into chained form can be found. Motivated by the physical structure of the constraints involved, the dynamic state feedback that is used consists of adding virtual axles to each of the steerable cars in the system. A particularly intriguing aspect of this work is its connection with an emerging body of literature in di erentially at systems by Fliess and his coworkers (Fliess et al., 1994; Rouchon et al., 1993) . They have shown that chained form systems are a special case of what are known as di erentially at systems. For the two input case, it has been pointed out Murray, 1994) that, modulo somewhat di erent regularity conditions, chained forms are equivalent to at systems for the type of drift-free systems that arise in nonholonomic motion planning. This is not true for systems with more than two inputs without allowing for the possibility of dynamic state feedback.
2. THE SYSTEM MODEL Consider a multi-steering trailer system, i.e. a system of n (passive) trailers and m (steerable) cars linked together at the axles by rigid bars, as shown in Figure 1 . It is assumed that each body (trailer or car) has only one axle, since a body with two axles can be modeled as two one-axle bodies. 2.1. Con guration Space The con guration of the system is de ned by the angles of all the axles, the angles of the rigid bars in front of the steerable cars, and the Cartesian position of the system in the (x; y) plane. The active or steering axles are numbered from front (1) to back (m), and the passive axles are numbered similarly from 1 to n. The angle of each passive axle with respect to the horizontal is j i where i is the axle number and j is the number of the steer- ing wheel most directly in front of that axle. Each steerable axle together with the passive axles directly behind it is called a steering train. The passive axles which are directly in front of the steerable axles will be identi ed by the indices n 1 ; : : :; n m?1 . Assuming, by convention, that the rst axle is steerable, gives n 0 = 0. The angle of the rst axle is 1 0 , and the axles directly behind it are denoted by 1 1 ; : : :; 1 n1 . The superscripts indicate these axles are in the rst steering train. The axle directly behind the rst steering train is steerable, its angle is 2 n1 . The (passive) axles behind the second steering wheel are 2 n1+1 ; : : :; 2 n2 , and the rest of the angles are numbered in a similar fashion. For convenience of notation, let n m n, although in general the last axle will not be steerable. If the last axle is steerable, then n m?1 = n m . Let j be the absolute angle (with respect to the horizontal) of the bar connecting the (j + 1) st steered axle to the last axle of the j th steering train (which may be steered or passive). The Cartesian position, (x; y) of any one of the axles can be used in the de nition of the con guration of the system. For reasons which will be explained in the sequel, the x and y positions of the last axle are chosen as con guration variables. This general system includes as special cases:
1. the standard n trailer system (m = 1). 2. the re truck (m = 2, n 2 = n 1 = 1).
Kinematic Equations
The kinematic model of the system is found by examining the relationships between the velocities of the bodies 
The velocity relationships between adjacent bodies when the rear body is a passive trailer. The front body may be either a passive trailer or a steerable car. 3. CONVERSION TO CHAINED FORM Now that kinematic behavior of the multi-steering system has been described, the transformation to multi-input chained form can be found. 3.1. Multi-input Chained Form A multi-input chained form system is de ned as 
Since the system is drift-free, the relative degree 1 of any choice of outputs will be equal to one. In particular, the relative degree of the body angle with respect to the steering input is equal to one. Consider adding a new state _ = ; and a feed- 
and the added state can be interpreted as the angle of another axle in front of the original steering wheel, and the new input as the steering velocity of this \virtual" wheel (see Figure 5 ). The relative degree of the body angle with respect to the (virtual) steering input is two. Remark. Any trajectory = (x; y; ; ) of (9) can be projected down to give a trajectory ( ) = = (x; y; ) of (8). Also, for any trajectory of (8) for which is C 1 and for which _ = 0 whenever _ x = _ y = 0, there exists a trajectory of (9) such that ( ) = . Trajectories where the unicycle spins about its axis without moving either forwards or backwards cannot be realized with the extended model.
1 See (Isidori, 1989) for a discussion of relative degree and nonlinear control theory.
Converting the Multi-Steering System into Chained Form
The (x; y) position of the last trailer along with all the hitch angles f 1 ; : : :; m?1 g between steering trains determine the entire state of the system, 2 and are thus a candidate set of coordinates for the bottoms of the chains in the multi-input chained form (6); they are also one set of possible at outputs for this system. The path taken by the last axle determines the angle of the last axle by equations (1{2): tan m nm = _ y= _ x. The (Cartesian) position and angle of any axle will determine the position of the axle in front of it from the hitch relationship. Thus, x; y; m nm determine the positions and angles of all the axles in the last steering train. Using m?1 , the values for the second-tolast steering train can be found, and so forth. The front-most hitch angle 1 will become the state at the bottom of the rst chain, z 1 n1+1 . Its relative degree with respect to the rst steering input ! 1 is equal to n 1 + 2, one more than the number of axles in the rst steering train, and thus it will need to be di erentiated a total of n 1 + 2 times in order to de ne all the states z 1 i in the rst chain by equation (7). However, since _ 1 depends on all the angles behind it in the trailer system according to equation (4), the relative degree of 1 with respect to any of the other steering inputs will be equal to two. To ensure that the derivatives of these inputs do not appear in the coordinate transformation, n 1 virtual axles can be added in front of each steering axle j nj?1 to increase the relative degree of 1 with respect to the other steering inputs by n 1 . After a similar analysis for 2 ; : : :; m?1 ; y, a total of n j virtual axles will be added in front of the j th steering wheel, as in Figure 6 . The state variables that have been introduced, corresponding to the angles of these virtual trailers, are denoted by j i . Their derivatives are dened as if they were actual axles,
where L j i is an arbitrarily chosen positive parameter. The velocities of the virtual axles are dened in the same manner as the real axles, and the new inputs j represent the angular velocity of the front car in each virtual extension.
In an e ort to write the kinematic model in a compact form the following vectors are introduced: 6 . The multi-steering system, showing the virtual axles that must be added to convert the system into multi-input chained form.
In general terms, the superscripts (j) of the vectors refer to the j th steering train and the subscripts (i) refer to the tails of the steering train starting from the i th trailer (which is real if i n j?1 and virtual if 0 i < n j?1 ). The input u 0 in the multi-input chained form of equation (6) 
and the remaining coordinates are found through the relationship (7). This can be written more speci cally as follows.
Recalling that the derivatives of 1 ; : : :; m?1 ; y, were de ned as f j nj+1 it can be seen that the second-to-last coordinate in each chain will be z j 
Theorem 1 Let the coordinates z j i , be given by (16{20) and the inputs u j , be given by (21). Then the equations (6) are satis ed.
Proof. The chained form follows directly from the de nitions of the coordinates and input transformation along with the kinematic model (15). This coordinate transformation has a triangular structure and its Jacobian is nonsingular at at the origin, which implies that it is a local di eomorphism. The details of the proof can be found in (Tilbury et al., 1993a) .
STEERING CHAINED FORM SYSTEMS
Once a system is in multi-input chained form, many di erent algorithms (three of which are presented here) can be used to steer it. The basic idea behind each of these methods is to parameterize the input space, integrate the chained form equations symbolically, and nally, solve for the input parameters in terms of the desired initial and nal states. No particular system of trailers will be considered; instead, the problem that is solved in this section is to nd inputs fu i (t) : t 2 0; T); i = 0; : : :; mg which will steer the multi-chained system (6) from a given initial state to a desired nal state. 4.1. Steering with Polynomial Inputs One approach to the point-to-point steering problem is to hold the rst input u 0 identically equal to one over the entire trajectory. The time needed to steer is then determined from the change in the (24) with the number of parameters on each input chosen to be equal to the number of states in its chain. The chained form equations (6) can be integrated symbolically and the input parameters a j ; b j ; : : :; j can be found in terms of the initial and nal states. All of the equations that need to be solved are linear. Of course, if the time needed for steering is zero from equation (22), then this method will not work. One way to remedy this situation is to choose an intermediate point and plan the path in two pieces.
Steering with Piecewise Constant Inputs
This steering method was originally inspired by multirate digital control (Monaco and NormandCyrot, 1992) , but is most easily understood in terms of motion planning simply as piecewise constant inputs. The rst input u 0 is chosen to be constant over the entire trajectory, and the other inputs are chosen to be piecewise constant, with at least as many switches as there are states in its chain. The time for the trajectory is chosen arbitrarily as T. The reader is referred to (Tilbury et al., 1993a ) for more details. 4.3. Steering with Sinusoidal Inputs A method for steering multi-chained systems with sinusoids was proposed in , and required one step to steer each level of the chain. Because of the many steps needed for steering, the algorithm can be tedious to implement in practice. An \all-at-once" sinusoids method, an extension of that detailed in (Tilbury et al., 1993b) , has as inputs parameterized sums of sinusoids at di erent frequencies. Again, the chained form equations (6) can be integrated symbolically, evaluated at time T, and the parameters are found as a function of the initial and nal states. In this case, nding the input parameters will require solving nonlinear algebraic equations. More details on this algorithm can be found in (Tilbury et al., 1993a) .
5. EXAMPLES Two examples will be brie y presented to illustrate the conversion procedure. 5.1. Fire Truck Example In , it was shown that the re truck system could be converted into a multiinput chained form. The bottoms of the chains in the chained form (or equivalently the at outputs of the system) were chosen to to be the (x; y) position of the passive axle along with the angle of the trailer (see Figure 7) , and because of the relative simplicity of the three-axle system, that virtual extension that is added in front of the rear steering wheel. The extra steering wheel at the rear of the trailer is used for improved maneuverability on narrow city streets. Fig. 8 . The ve-axle, two-steering system showing the virtual extension which is added in front of the second steering wheel. Such a system is envisioned as being used where maneuverability around narrow passageways in danger zones is of utmost importance.
choice allowed the kinematic equations to be put into multi-input chained form without using dynamic state feedback. Since the re truck ts into the class of multi-steering trailer systems, it can also be converted into multi-input chained form using the (x; y) position of the last axle and the trailer angle as the bottoms of the chains. One virtual trailer will then need to be added, showing that although virtual extension is not always necessary, the procedure outlined in this paper will always result in a chained form.
Another Example
Consider now a ve-axle system with two steering wheels, as depicted in Figure 8 . In e ect, this is a re truck with two passive trailers. Using the procedure outlined in Section 3, choosing the bottoms of the chains as the (x; y) position of the last axle and the hitch angle 1 , this system can be converted into multi-input chained form and steered using one of the methods outlined in Section 4. In fact, as has been recently proven in (Tilbury and Sastry, 1994) , there does not exist a transformation into chained form for this particular ve-axle system without using dynamic feedback. For details of the kinematic equations and the transformation for this system, the reader is encouraged to consult (Tilbury et al., 1993a) or to contact the rst author. Once the kinematic equations are in multi-input chained form, the system can be steered using one of the algorithms discussed in Section 4. The system parameters are n = 3 (three passive axles) and m = 2 (two steering wheels); and for concreteness, let the lengths of the hitches be L 1 1 = L 2 2 = L 2 3 = 5; L 1 2 = 3, and L 2 1 = 1. Fig. 9 . A parallel-parking trajectory for the ve-axle, two-steering system. The planning algorithm as described in this paper does not account for obstacle avoidance; however, it does plan \nice" paths which may can be used in conjunction with an obstacle-avoidance algorithm to achieve a complete solution to the pathplanning problem.
To steer the system from an initial point of (x; y) = (0; 20) to a nal point of (x; y) = (0; 0) and all of the body angles (including the virtual angle) are aligned with the horizontal axis in both the initial and nal con gurations, polynomial inputs are one possible choice for planning the trajectory in the chained form coordinates. As noted in Section 4.1, polynomial inputs are not immediately suited to this type of trajectory since the time needed to steer the system, computed from equation (22), is zero and thus the algorithm fails. The trajectory can be planned in two steps, using as an intermediate point (x; y) = (30; 10), as shown in Figure 9 . 6. SUMMARY In this paper, a systematic method for converting the kinematic model of a multi-trailer system with n passive trailers and m steerable cars into a multi-input chained form was presented. Many algorithms for steering systems in chained form exist (three were described here), and methods for stabilizing systems in multi-input chained form have also been presented (Walsh and Bushnell, 1993) . The method for converting the multi-trailer system into chained form added virtual axles to the system in a form of dynamic state feedback. Although the virtual extension was not always necessary, it provided a guaranteed method to convert all multi-steering trailer systems into chained form, and thus to nd feasible paths for these systems.
